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Abstract
This paper presents an brief review of some recent work on the causal set
approach to quantum gravity. Causal sets are a discretisation of spacetime that
allow the symmetries of GR to be preserved in the continuum approximation.
One proposed application of causal sets is to use them as the histories in a
quantum sum-over-histories, i.e. to construct a quantum theory of spacetime.
It is expected by many that quantum gravity will introduce some kind of
“fuzziness”, uncertainty and perhaps discreteness into spacetime, and generic
effects of this fuzziness are currently being sought. Applied as a model of dis-
crete spacetime, causal sets can be used to construct simple phenomenological
models which allow us to understand some of the consequences of this general
expectation.
1 Introduction: seeing atoms with the naked eye
At present, one of the most important tasks in theoretical physics is to understand
the nature of spacetime at the Planck scale. Various indications from our current
most successful theories point to this scale: quantum effects are to be expected to
invalidate the general theory of relativity here. What should replace our current best
understanding of spacetime? This question remains controversial as no theory of
quantum gravity can yet be claimed to be complete. For example, some researchers
are convinced that the kinematical structure used to replace the continuous manifolds
of GR should be discrete, but others do not adhere to this requirement. George Ellis’
great contribution to our understanding of spacetime, and his interest in the issue of
spacetime discreteness, make this a very appropriate topic for these proceedings.
This situation loosely parallels a well-known debate that took place somewhat
over a century ago. In that case it was not the discreteness of spacetime that was in
question, but the discreteness of matter. As late as 1905 the atomic hypothesis was
still doubted by figures such as Wilhelm Ostwald and Ernst Mach. The troublesome
scale in that case was around 10−10m rather than 10−35m, and even in those times,
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relevant experimental data was considerably less sparse that it is in the present case.
However, it is interesting to review some of the work that went into clarifying the
existence of atoms of matter. Perhaps there are some lessons to be learned for the
present debate.
One of the ways to gain confidence in the atomicity of spacetime is to compare
various estimates of Avogadro’s number. The convergence of disperate methods of
estimation, from Loschmidt’s original result in 1865 to Einstein’s various determina-
tions in 1903-1905, gave a strong reason to believe that there was something to the
generic hypothesis. Here we will concentrate on a method of Rayleigh’s, published
in 1899 [1, 2]1. This remarkable piece of physics enabled him to estimate Avogadro’s
number, based on a naked eye observation of Mount Everest. His rough but well-
motivated calculations and observations enabled him to understand a fundamental
aspect of the nature of matter. This stands out as a fine example of elegance in
physical reasoning, and an exemplar of good physics in general.
Rayleigh used his λ4 scattering law to derive a relation between attenuation of
light travelling thorough air and Avogadro’s number. Assuming molecules to be small,
spherically symmetric spheres with negligible absorption, he derived the following:
n =
32pi3(µ− 1)2
3λ4β
(1)
Here, n is the number of molecules per cubic meter in air (related to Avogadro’s
number by NA = (2.24 × 10−2)n), µ is the index of refraction of air, assumed to be
close to 1 (so that−1≪ 1), λ the wavelength of the incoming light (for which Rayleigh
used 600nm) and β the scattering coefficient: light travelling through the atmosphere
is extinguished by a factor of 1/e after travelling a length 1/β. Recalling that Everest
could be seen “fairly bright” from Darjeeling, Rayleigh estimated β ≈ 160 km. The
resulting value for Avogadro’s number was of the correct order of magnitude, and
roughly in agreement with the best estimates at the time.
This reasoning has a number of interesting features, which are relevant for the
modern case. The assumption of atomicity of matter was input to the model, based
on various physical arguments and expectations, rather than simply output of some
other theory. It is true that the atomic hypothesis was fairly popular by 1899, but it
was not forced on Rayleigh as a derived consequence of some well-developed theory
(indeed, for earlier estimations, it cannot even be claimed that the atomic hypothesis
had much support at the time). Also, the calculation took place before very much
was known about the dynamics of atoms. Quantum theory was still far off. The
calculation depends only on a simple, basically kinematical, hypothesis about what
molecules in air are like: they are small reflecting balls. However, the hypothesis
was not completely generic; in order to do something useful, it was not necessary to
make only the most minimal assumption of atomicity. It was only necessary that
the hypothesis was simple to implement and physically well-motivated, based on the
1It is not entirely clear when Rayleigh developed this idea. It was formulated in response to a
letter from Maxwell sent in 1873 [2]. It is not generally known whether Rayleigh responded during
Maxwell’s lifetime.
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current best knowledge.
How can we apply these lessons to the problem of spacetime discreteness? The idea
of building simple models to test the hypothesis of spacetime discreteness, or some
aspect of it, is intriguing. Could analogous effects to the case of matter – attenuation
of light, random motion, etc. – be found in this case? In the following section, a
particular model for discrete spacetime is introduced, called the causal set [3]. It
is then explained why this particular kinematical structure is especially physically
appealing. In section 3 some ideas for using this idea as the basis for a quantum
dynamics of spacetime are presented. Finally, in section 4 some mention is made of
uses it can be put to in investigating the consequences of spacetime “fuzziness”. There
are several other reviews on the subject of causal sets available covering different
aspects of the program [4, 5, 6, 7, 8, 9, 10, 11], and other reviews relevant for the
motivation of causal sets [12, 13, 14].
2 Causal Sets
Spacetime discreteness is motivated by a number of arguments in quantum gravity
research, for instance, the finiteness of black hole entropy which suggests a finite
number of degrees of freedom living on the surface of the black hole [12] (see [5]
for a fuller list). Several approaches to quantum gravity embrace some notion of
discreteness. In causal set theory, discreteness is taken as a basic hypothesis, on the
strength of the physical arguments alluded to, in contrast to loop quantum gravity
where discreteness is derived (not without some controversy [15, 16]) as a consequence
of other assumptions [17].
Causal sets are a discretisation of the causal structure of continuum Lorentzian
manifolds (meaning a differential manifold M with a Lorentzian metric gµν), i.e.,
information about which pairs of points are in each other’s light-cones, and which are
spacelike-related. The points of a weakly causal2 Lorentzian manifold, together with
the causal relation on them, form a partially ordered set or poset, meaning that the
set of points C and the order ≺ on them obey the following axioms:
(i) Transitivity: (∀x, y, z ∈ C)(x ≺ y ≺ z =⇒ x ≺ z).
(ii) Irreflexivity: (∀x ∈ C)(x 6≺ x).
If x ≺ y then we say “x is to the past of y”, and if two points of the set C
are unrelated by ≺ we say they are spacelike (in short, all the normal “causal”
nomenclature is used for the partial order). It is interesting fact about Lorentzian
geometry that “almost all” of the properties of a Lorentzian manifold are determined
by this causal ordering. It has been proven that, given only this order information
2A weakly causal Lorentzian manifold is one that contains no closed causal curves, otherwise
called “causal loops”.
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on the points, and volume information, it is possible to find the dimension, topology,
differential structure, and metric of the original manifold [18, 19].
When hypothesising spacetime discreteness, a choice must be made about which
aspects of the current best description remain fundamental, and which will now only
be emergent. Since the causal partial order contains so much information, it is rea-
sonable to choose this as fundamental. To achieve discreteness, the following axiom
is introduced:
(iii) Local finiteness: (∀x, z ∈ C) (card {y ∈ C | x ≺ y ≺ z} <∞).
Where cardX is the cardinality of the set X . In other words, we have required
that there only be a finite number of elements causally between any two elements in
the structure (the term “element” replaces “point” in the discrete case). A locally
finite partial order is called a causal set or causet, an example of which is illustrated
in figure 1. The causal set hypothesis is that the appropriate description of spacetime
at the Planck scale is a causal set. Since the original results on causal structure and
geometry, several researchers have independently proposed this idea [20, 21, 3].
z
y
x
Figure 1: A causal set. The figure shows an example of a Hasse diagram. In such a
diagram, the elements of a causal set are represented by dots, and the relations not implied
by transitivity (“links”) are drawn in as lines (for instance, because x ≺ y and y ≺ z, there
is no need to draw a line from x to z, since that relation is implied by the other two). The
element at the bottom of the line is to the past of the one at the top of the line.
2.1 The Continuum Approximation
This gives the definition of the causal set structure itself. We now need a more
precise notion of how a causal set corresponds to continuum spacetime. When can a
Lorentzian manifold (M, g) be said to be an approximation to a causet C? Roughly,
the order corresponds to the causal order of spacetime, while the volume of a region
corresponds to the number of elements representing it. But we can do a little better
than this.
A causal set C whose elements are points in a spacetime (M, g), and whose order
is the one induced on those points by the causal order of that spacetime, is said to
be an embedding of C into (M, g). Not all causal sets have an embedding in every
manifold3. For example, the causal set in figure 2 cannot be embedded into 1+1D
Minkowski space, but it can be embedded into 2+1D Minkowski space. Thus, given
3More properly, this means that not all causal sets are isomorphic to an embedded causal set in
every manifold.
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a causal set, we gain some information about the manifolds into which it could be
embedded. Merely requiring that a causal set embeds into an approximating manifold
is not strong enough, however. A further criterion is needed to ensure an even density
of embedded elements. This relies on the concept of sprinkling.
b
a
Figure 2: A Hasse diagram of the “crown” causet. This causet cannot be embedded in
1+1D Minkowski space: if the above Hasse diagram is imagined as embedded into a 2D
Minkowski spacetime diagram, the points at which elements a and b are embedded are
not correctly related. In no such embedding can the embedded elements have the causal
relations of the crown causet induced on them by the causal order of 1+1D Minkowski
space. The causal set can however be embedded into 2+1D Minkowski space, where it
resembles a 3 pointed crown, hence its name.
A sprinkling is a random selection of points from a spacetime according to a
Poisson process. The probability for sprinkling n elements into a region of volume V
is
P (n) =
(ρV )ne−ρV
n!
. (2)
Here, ρ is a fundamental density assumed to be of Planckian order. The probabil-
ity depends on nothing but the volume of the region, and so it is manifestly invariant
under all volume-preserving transformations. The sprinkling also defines an embed-
ded causal set. The Lorentzian manifold (M, g) is said to approximate a causet C if C
could have come from sprinkling (M, g) with relatively high probability4. In this case
C is said to be faithfully embeddable in M. On average, ρV elements are sprinkled
into a region of volume V , and fluctuations in the number are typically of order
√
ρV
(a standard result from the Poisson statistics), becoming relatively insignificant for
large V . This gives the link between volume and number of elements.
It is important to note that the way that sprinklings and embeddings are being
used here is to define a good discrete/continuum correspondence. That is, it is
necessary to use these concepts when deciding if a Lorentzian manifold approximates
to a causal set. It is not true, for example, that the fundamental structure of spacetime
is supposed to be a Lorentzian manifold with a causal set embedded in it. The causal
set itself is hypothesised to completely replace all continuum spacetime structures.
Of course, continuum manifolds must be approximately recovered somehow, and so
it is necessary to compare discrete structures to continuum manifolds in some way
(this is true, explicitly or implicitly, for any discrete replacement for spacetime). This
4 The practical meaning of “relatively high probability” is similar to statements about the “typ-
icality” of sequences of coin tosses and similar problems in probability theory. It is usually assumed
that the random variable (function of the sprinkling) in question will not be wildly far from its mean
in a faithfully embeddable causet. Beyond this, standard techniques involving χ2 tests exist to test
the distribution of sprinkled points for Poisson statistics.
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is the purpose that sprinkling serves, and it is the only way in which continua come
into the story here.
Can such a simple structure really contain enough information to provide a good
manifold approximation? We do not want one causal set to be well-approximated by
two spacetimes that are not similar on large scales. The conjecture that this cannot
happen (sometimes called the “causal set haupvermutung”, meaning “fundamental
conjecture”) is central to the program. It is proven in the limiting case where ρ→∞
[22]. Also, all applications of the discrete/continuum correspondence have so far pro-
duced approximately unique values for important properties of continuum manifolds
approximating to one casual set. This gives strong evidence for the conjecture.
As an example, consider the question of dimension. Given a fundamental causal
set, how can we determine the dimension of an approximating manifold (if there is
one)? For a good estimator of dimension, it is a consequence of the haupvermutung
that all manifolds that approximate to one causal set give approximately the same
value. One way to answer this is to look at the proportion of points in a causal interval
(otherwise known as an Alexandrov neighbourhood, the region causally between two
points) that are causally related [23, 20, 24]. In the continuum, and in flat space, it
is not hard to convince oneself that one half of the pairs of points in a 2D interval are
related. The higher the dimension, the less the proportion of related points. Inverting
this relation gives the dimension as a function of the proportion of related points:
DMM = f
−1(L) , (3)
f(d) =
3
2
(
3d
2
d
)−1
, (4)
where DMM is the Myrheim-Meyer dimension, and L is the proportion of points
in an interval I that are related to each other. In a causal set sprinkled into this
interval, the same will be approximately true. The proportion of pairs of sprinkled
points that are related is R/
(
N
2
)
where R is the total number of related pairs and N
is the number of points sprinkled into I. Inserting this as L above gives an estimate
of the dimension which is accurate when N ≫ (27/16)DMM . This estimator can also
be adapted to the curved-space case [24]. This gives an example of how to recover
effective continuum properties from the causal set structure alone. As is clear here,
the idea of sprinkling is only an intermediary used to establish the discrete/continuum
correspondence, while the actual expression for the dimension only uses information
intrinsic to the causal set. Similar expressions have been found to recover distances
[25, 26, 27], spatial topology [28, 29], and recently the scalar curvature [30]. This
gives good reason to believe that causal sets do contain enough information to pin
down the continuum approximation sufficiently well.
It’s important to note that some causal sets, in fact the vast majority of causal
sets with a fixed large number of elements, have no continuum approximation at all
[31]. In this sense the existence of the continuum is not built into causal set theory
at the outset. This must be derived at a later stage (see section 3 below).
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2.2 Why this structure?
We might now choose to employ the causal set hypothesis in different ways. One use
would be as a basis for a theory of quantum gravity, where the “history space” of the
quantum sum-over-histories will be made up of causal sets. A more “Rayleighesque”
use for the causal set hypothesis is to build simple but testable models which may
further inform us about what is possible and what is not when it comes to spacetime
discreteness. These uses are closely connected. In either case the question arises:
why this kind of discreteness and not some other? There are many ways to discretise
spacetime, after all. What singles this one out for consideration in modelling, or
further, what makes it compelling as a basis for quantum gravity?
Some attractive features are already evident. Firstly there is no barrier to sprin-
kling into manifolds with spatial topology change, as long as it is degeneracy of the
metric at a set of isolated points that enables topology change, and not the existence
of closed timelike curves (one of these conditions must exist for topology change to
occur, see e.g. [32] and references therein). In this discrete theory there is no problem
with characterising the set of histories, as can arise in continuum path integrals. For
those who believe that topology change will be necessary in quantum gravity [13, 33],
this is important. Secondly, the structure can represent manifolds of any dimension
– no dimension is introduced at the kinematical level, as it is in Regge-type triangu-
lations. In fact, scale dependent dimension and topology can be introduced with the
help of course-graining, as explained in [23], giving a natural way to deal with notions
of “spacetime foam”. Also, it has been found necessary to incorporate some notion
of causality at the fundamental level in other approaches to path integral quantum
gravity, which hints towards using the causal set structure from the outset. But the
property which truly distinguishes causal sets is local Lorentz invariance [34, 35].
It may seem contradictory to claim that a discrete structure obeys a continuum
symmetry. However, this usage is carried over from condensed matter situations,
and has the most physical relevance here. We might say, for instance, that a gas,
liquid or glass is rotationally invariant, as opposed to, say, a crystal. This is relevant
to the existence of fracture planes, and can affect propagation of sound and light
in the medium. What is being referred to here is the continuum approximation to
the discrete underlying structure rather than the structure itself. In the glass, the
atomic structure does not, in an of itself, serve to pick out any preferred directions
in the resulting continuum approximation5. Whether or not the underlying atomic
configuration is rotationally invariant, or whether this question even makes sense
to ask (it does not in the casual set case), is not the important point. It is also
interesting to note that the large-scale symmetry is the result of randomness in the
discrete/continuum correspondence in these cases.
Let us first treat the case of causal sets to which Minkowski space approximates, as
in this case Lorentz symmetry is global and easier to examine. It is firmly established
5One might object that the are directions, for instance the direction from each molecule to its
nearest neighbour, or some function of this for every molecule. This turns out to have no significance
for any reasonable dynamics in the continuum approximation, however. And as explained below, in
the case of causal sets even this weak type of direction-picking fails.
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that causal sets are Lorentz invariant in the above sense: whenever it makes sense
to talk about global Lorentz symmetry, it is preserved. This follows from three
facts [35]. Firstly, causal information is Lorentz invariant, and so taking this from
a sprinkling does not bring in any frame or direction. Secondly, the Poisson point
process of sprinkling is Lorentz invariant, as the probabilities depend only on the
volume and sprinkling density. Thirdly, it has been proven that each individual
instance of the sprinkling process is Lorentz invariant. The proof works by showing
that if each sprinkling picked out a special direction, such that this picked direction
transformed with the sprinkling under Lorentz transformations, this would imply
that a uniform probability measure must exist on the the Lorentz group, which is
impossible as the group is non-compact. No special direction can even be associated to
point in a sprinkling into Minkowski space. Therefore, since the discrete/continuum
correspondence principle given by sprinkling does not allow us to pick a direction in
the approximating Minkowski space, we say that causal sets are Lorentz invariant
in this sense. In other spacetimes, the existence of local Lorentz symmetry can be
claimed on similar grounds.
This is arguably the intuitive outcome: random discreteness has better symmetry
properties than regular discreteness, and causal information is Lorentz invariant.
A mental picture of the sprinkled points undergoing a Lorentz transformation may
tempt one to believe that there is something wrong with the idea of Lorentz invariance
in this context, but this is misleading. The analogy to glasses and crystals helps here.
To the argument that a special direction could be picked given some small region,
and so Lorentz symmetry must be broken at small scales, there is an obvious answer
coming from basic special relativity: closed regions (or rulers measuring these short
scales) are not Lorentz invariant. If any physical properties can define a small region,
then there is no contradiction with Lorentz symmetry if they also define a preferred
direction (indeed, they must do).
Finally, phenomenological models based on causal sets manifest Lorentz invari-
ance, helping to illustrate that the symmetry is preserved in a physically meaningful
sense (see section 4). This physical consideration is the root reason for calling causal
sets Lorentz invariant. Similarly, models of fields moving on lattice-like structures
are well-known to violate Lorentz invariance in a continuum approximation. The
causal set, along with the discrete/continuum correspondence based on sprinkling, is
the only known discretisation that can be shown to avoid this problem. It would be
possible to take more information than the causal information from the sprinkling
without violating this principle, for instance the proper lengths between sprinkled
points. However, there is no reason to do this, if the causal structure and counting
of points is enough to reconstruct the continuum. In this sense, the causal set seems
to be a unique discretisation.
The recovery of Lorentz Invariance in the continuum approximation is a remark-
able property of causal sets. This a significant advantage, whether we are interested
in using the discrete structure to build simple heuristic models, or in constructing
theories of quantum gravity [36]. Considering fields moving on a discrete background,
modes of any frequency can be represented equally well on a causal set; lattice-like
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structures, however, are well-known to violate Lorentz invariance in a continuum
approximation, as they only allow a limited bandwidth of frequencies. Assuming
Planck scale discreteness leads to corrections to the diffusion relation, and other
effects, which are currently under investigation. Bounds on these effects are now
threatening to overtake the range of parameters suggested by some quantum gravity
inspired Lorentz violating scenarios [37, 38, 39]. Moreover, there is still controversy
over whether introducing a Lorentz-violating cut-off in an interacting quantum theory
can be made anywhere near consistent with observation, without (at best) severe fine
tuning [40, 41, 42]. If we do not find these scenarios entirely compelling, and even
more so if they become ruled out, it is as well to have alternative models. Besides
this, maintaining the well-established principle of local Lorentz symmetry has the
advantage of severely limiting the possible types of discreteness.
2.3 Non-locality and causal sets
These good symmetry properties of causal sets are linked to non-locality. In lattices,
each vertex is linked to a finite number of nearest neighbours, and this “locality”
makes it easy to discretise operators like the Laplacian in this context. This is not
so easy for causal sets. Consider a point x in a sprinkling of Minkowski space, as
illustrated in figure 3. How can we define “nearest neighbours” in a way that is
intrinsic to the causal set? It could for instance be a sprinkled point y “linked” to the
past of x, meaning that y ≺ x and there are no elements z such that y ≺ z ≺ x. These
linked elements must be close to x in a faithful embedding, otherwise the probability
for there to be an “in-between” element like z becomes large, as we can see from
equation (2). You could imagine other definitions. Whatever they are, we have to
pick the nearest neighbours in a Lorentz invariant way (in particular we cannot mark
any other point in the spacetime). Let us try to find them to the past. Whatever
the criterion for being a nearest neighbour, there will be some probability p for there
to be one or more nearest neighbours in some finite volume region R close to x (if
the probability was 0 for any such region it wouldn’t be a useful definition). But, if
we boost R by a large enough factor, we can find another region R′, disjoint from R.
Due to the Lorentz invariance of sprinkling, the probability of finding some nearest
neighbours in R′ is also p. Continuing this to R′′, R′′′, etc., we find an infinite series
of regions, each with some finite probability to contain nearest neighbours. Thus, the
number of nearest neighbours is infinite.
This is does not come about because the information in the casual set is too sparse;
it would occur even if we took more information from the sprinkling to determine our
discrete structure. The argument above is quite general for any form of discreteness
based on sprinklings which respects Lorentz invariance. This shows how non-locality
is the flip-side of Lorentz invariant discreteness. This isn’t surprising, considering
that there is an infinite volume within any finite proper time of a point in Minkowski
space, due to the non-compactness of the Lorentz group. A finite number of nearest
neighbours would have to lie near some particular direction away from the point x.
We see in particular that the number of links from x is infinite, and linked elements
occur in a narrow band that extends all the way down the light cone, in a sprinkling
9
RR
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x
Figure 3: In this diagram, x is a point in a sprinkling of 2D Minkowski space, with its past
light-cone. R is a region of this space, R′ is a region found by boosting R, and R′′ is found
by boosting R′ by the same factor. There are an infinite series of these disjoint regions,
each of which has the same probability for containing a sprinkled element that qualifies as
a nearest neighbour of x (by whatever Lorentz invariant criterion) . Because of this, the
number of neerest neighbours must be infinite, however they are defined.
of Minkowski space.
Despite this non-locality, recent work has manged to recover good approximations
to local operators on causal sets by various means [43, 30], showing that this non-
locality is not a terminal problem. This works suggests that there may be a new
length scale intermediate between the discreteness scale and macroscopic scales, at
which locality breaks down. These ideas might have interesting consequences for
phenomenology, as discussed below.
3 Towards quantum gravity
As yet there is no quantum dynamics for causal sets that might serve as a basis for
a theory of quantum gravity. However, recent progress suggests that may soon be
possible to write down a such a theory and test it using simulations.
3.1 Growth models
There are two main approaches to causal set quantum dynamics. One, perhaps
the most discussed to date, is to choose a general dynamical framework for causal
set dynamics, and then constrain it by the use of some physical principles. As a
stepping stone to the quantum case, a stochastic dynamics has been formulated called
Classical Sequential Growth dynamics [44, 45]. Here, the dynamical framework is
one of “growth”, where causal set elements are added to the future and spacelike to
existing elements, with some probability attached to each alternative way of doing so.
These probabilities are then constrained to obey principles of general covariance and
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local causality a` la Bell. The result is a dynamics with one free parameter per causet
element, which, however, has several generic features for large classes of parameters.
This model has given rise to several lines of work. One task is to characterise
the physical questions that the theory can answer, in keeping with the symmetry
of general covariance, which in this context means labelling invariance. This is the
causal set analog of a “problem of time” as seen in canonical theories. The problem
here can be solved, in the sense that the class of meaningful questions can be found
and given a simple and physically appealing interpretation [46, 47].
The model also gives some interesting results for cosmology, and the emergence of
the continuum. Some generic models have a “bouncing cosmology” with many big-
bang to big-crunch cycles. The large spatial extent of the universe in these models is
not a result of fine-tuning, but simply a consequence of the large age of the universe,
giving a mechanism for fixing parameters that may be useful in more realistic theories
[48, 49, 50]. The CSG models have also been of use in developing tests of dynamically
generated causal sets to look for manifoldlike behaviour [51], and computational tech-
niques for causal sets. It has been shown that manifoldlike causal sets are not typical
outcomes for the CSG models at largest scales [52]. At these scales the causal set has
a basically 1-dimensional character. Recently, however, it was found that at some
intermediate range of scales, some properties of CSG-generated causets were found
to match the properties expected for de Sitter space [53]. It seems probable at this
point, though not definite, that the model will remain as a useful example on the way
to a quantum sequential growth model, rather than giving GR as an approximation
in its own right. Still, the model continues to provide a testing ground for new ideas
and to give some hints about what the full theory might look like.
3.2 Generalising the path integral
Another approach, which has until recently been less well studied, is closer to the
approach taken in other quantum gravity programs such as that based on Causal
Dynamical Triangulations [54]. In this approach, a quantum dynamics is sought that
is similar in form to the path integral for standard quantum theories. Roughly, one
seeks to generalise the path integral for transition probabilities to the gravitational
case, replacing particle trajectories or field configurations with the chosen space of
discrete structures, and using an appropriate action and measure factor.
Taking a more foundational view, this picture might be too limited for causal sets,
or in fact any quantum gravity theory. Asking only about transition probabilities
implies asking about states on spatial slices, which is not such a natural concept
in a generally covariant theory; most interesting observables, for example various
measures of the effective dimension for causal sets or Regge-type discretisations, are
not of this type. Indeed, for a causal set very little information is given by the analog
of the “configuration on a spatial slice”. The corresponding concept for a causal set
is a subset of causally unrelated elements, that is maximal, i.e. to which no further
spacelike elements can be added. The only information in such a “slice” is the number
of elements it contains! This shows that the causal set is a type of discretisation in
which a spacetime formulation is particularly natural, rather than a “space and time”
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canonical one. To see how spacetime relates to the causal set one must look beyond
a single slice; a causal set derived from sprinkling is “non-local in time” in this sense.
A generalised framework is therefore useful. Quantum theory can of course make
predictions about events that refer to properties of the history at more than one time,
and all these probabilities are captured in an object called the quantum measure [55],
or equivalently the decoherence functional [56] (for some recent progress on these
ideas, see [57]). This object can also be given a path integral formulation for standard
theories, and it is this that we seek to generalise to the gravitational case.
A toy model suggests what might be possible here. In 2D, there is an easily
identifiable subclass of causal sets that contains all causal sets to which intervals of
2D Lorentzian spacetimes can approximate (and some non-manifoldlike causal sets
besides) called the “2D orders”. We can make this class our history space, and supply
an appropriate action which gives the continuum 2D action for causal sets that are
well approximated by spacetimes (which turns out to be trivial in this case). With
this done, the suprising result is that sprinklings of flat space dominate the path
integral [58]. As we have seen, sprinklings were introduced to casual set theory for
physical reasons, to make sure that the discrete/continuum approximation had good
symmetry properties. It is remarkable and encouraging, therefore, that they also
appear naturally in this setting.
However, this intriguing 2D result may not be easy to generalise to a sum over
all causal sets. It was based on a number of theorems that are only known for the
2D orders. Also, the action is trivial in this case. A natural choice for the action is
a function of the causal set that approximates to the integral of the scalar curvature
for any approximating 4D spacetime. It had until recently been difficult to construct
such local quantities. Now, however, due to new work by Dionigi Benincasa and
Fay Dowker, an expression for the action has been discovered [30]. The action is
derived from discretisations of the d’Alembertian operator on the causal set. It uses
the concept of n-element inclusive order intervals, which are subsets of the causal set
comprising all the elements causally between some pair of element, which have n-
elements including that pair. A 2-element inclusive order interval is just a link. From
the correspondence between volume and number, order intervals with small numbers
of elements represent small regions in any corresponding spacetime, although they
could be in any frame, i.e. you could find two that were highly boosted with respect
to one another. The action for 4D is given by
1
~
S(C) = N −N1 + 9N2 − 16N3 + 8N4, (5)
where N is the number of elements in the causal set C and Ni is the number of
(i + 1)-element inclusive order intervals in C. The lack of parameters in the action
is a consequence of setting the bare Planck scale to be 1, and the bare cosmological
constant Λ (which would simply add a term proportional to ΛN) to 0. The particular
sequence of coefficients follows from more detailed considerations; in this respect the
situation is similar to the discretisation of the second derivative for a function f on a
lattice with separation ∆x. A standard expression in this case is f(x−∆x)−2f(x)+
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f(x + ∆x), where the sequence of coefficients {1,−2, 1} is clearly necessary to find
the right continuum limit.
A remaining problem involves actually calculating Lorentzian path integrals. Writ-
ing down such an expression may now be possible, but this is not much use if no
interesting results can be calculated. The great strength of the CDT approach is
that observables such as the scaling effective dimension, and the spatial extent of
the universe as a function of time, can be calculated using Monte Carlo simulations.
This is achieved by analytically continuing a parameter that multiplies the time. The
path integral can then be Wick rotated: the Lorentzian geometries are transformed
to Euclidean ones, and in the process Feynman’s eiS/~ turns into a more Boltzma-
nian e−S/~, which can then be dealt with by the well-developed methods of statistical
physics.
In the case of casual sets, the idea of Wick rotation has no obvious analogue.
However, analytical continuation may still be employed to calculate path integrals. In
the the case of a non-relativistic particle, instead of Wick rotating, the mass parameter
can be analytically continued to solve the path integral, and similar methods are
relevant for quantum gravity [59]. The same kinds of ideas allow a statistical path
integral for causal sets to be derived from the Feynman path integral, by analytically
continuing an appropriate parameter which can be included in the action. Finding
some Euclideanised analog of a causal set is therefore unnecessary. This, along with
the new expression for the action, opens the door for Monte Carlo simulations in
causal set theory analogous to those that have been performed in CDT theory. It
would be surprising if summing over all causal sets with the action above produced
a semi-classical state dominated by well-behaved 4D spacetimes; after all, this sum
includes approximate spacetimes with all dimensions and topologies, and a large
number of other causal sets besides these. However, this kind of work could be the
beginning of a process of refinement much like that which led to CDT theory from
previous models, progressing by limiting the history space or altering the action. And,
as explained below, we can see that at least a “worst case scenario” can be avoided,
giving hope that a well-behaved continuum approximation may be possible.
3.3 Problems with entropy, solutions from non-locality
As alluded to above, most causal sets do not resemble manifolds. In fact, for large
number of elements N , the vast majority of causal sets have a particular and very
non-manifoldlike structure [31]. A “Kleitman-Rothschild” causal set (otherwise called
a KR order in the mathematical literature) is composed of three layers, with approx-
imately N/4, N/2 and N/4 elements respectively, as shown in figure 4. The elements
of the top layer are to the future of some of those in the middle layer, the elements
in the bottom layer are to the past of some of the elements in the middle layer, and
all of those in the bottom layer are to the past of all of those in the top layer. Taking
a causal set uniformly at random from the space of all causal sets (which you might
call the “purely entropic” or “unweighted sum-over-causets”) typically produces this
kind of structure.
Considering such a structure as a discrete spacetime, we have a universe with a
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very short duration! In a certain sense these structures are also infinite dimensional.
Consider a set of discrete spacetimes with varying N that represent the same ge-
ometry with a different overall scale (this also applies to triangulations etc.). For a
d-dimensional discrete spacetime, we expect the total time duration to scale like N1/d
and the size of the maximal spatial surface to scale like N (d−1)/d 6. By both these
measures KR orders have d = ∞. Interestingly, this is similar to the situation in
both dynamical triangulations [60] and causal dynamical triangulations [54], where a
purely entropic measure produces a highly connected, infinite-dimensional “crumpled
state”. It’s encouraging that this can be seen analytically for causal sets (at least in
the case of the “unrestricted” sum over all causal sets).
The number of KR orders grows like 2N
2/4 and quickly comes to vastly outnumber
all others. The proportion of causal sets that have a height of greater than 3 scales
like C−N for some constant C [61]. Although it is hard to put a figure on the total
number of manifoldlike causal sets for each value of N , it is expected that the scaling
of the proportion of “bad” configurations to “good” ones would be even worse.
Figure 4: A typical Kleitman-Rothschild causal set with 20 elements. As the number of
elements becomes large, this type of causal set numerically dominates all others.
These “bad” histories cannot be the ones that dominate any physically reasonable
path integral or “sum over histories”. The configurations that dominate a statistical
sum-over-histories arise from an interplay between the entropy of different types of
history, and their actions. When the proportion of “bad” configurations grows faster
than exponentially with the number of elements or vertices in a discrete structure,
this may set alarm bells ringing, for the following reason. It’s tempting to think that,
if the action is a sum of local terms, it should scale with the total size of the system
N for a typical history, and thus the weight e−S would scale exponentially with N .
If that is true for bad configurations and good ones alike, we can see that the ratio
between a bad and good weight can at best scale exponentially, while the proportion
of bad configurations grows super-exponentially. Such an action cannot therefore
prevent the bad configurations from dominating. This problem occurs, for example,
if one allows all spacetime topologies in a Euclidean sum over 2D triangulations.
However, in the case of causal sets, we can see that this worry is unfounded.
The action will not scale in this way for manifoldlike causal sets7 or for Kleitman-
6This interpretation only makes sense when the same large-scale geometry, up to scale, is seen as
N varies. For example, if the structure represented a long chain of successive 4D universes separated
by cosmological big-crunch-big-bang “bounces”, this would give a scaling dimension of 1.
7It is interesting to note that this would not be the case for any graph-based discreteness, in
which manifoldlike graphs have a low average valency that does not scale with N , and where the
action is based on graph-local quantities like valency. It is however still true that the number of
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Rothschild causal sets. This is because the number of links, and other such structures,
in these kinds of causal sets do not scale like N .
Let us consider the KR orders. The first term in the action in equation (5) is
simply N , but the second term in the action is the number of links. For any pair
made up of one top layer element and one middle layer element, there may or may
not be a link. The number of possible links between top and middle is therefore
(N/4)(N/2). The same is true between the bottom and middle layers giving a total
of N2/4 possible links. For a typical K-R order about half of these will be present,
and so the second term in the action scales like N2, not N as in the argument above8.
It can also be seen that the other terms in equation (5) are small for a typical KR
order. Taking a bottom layer element and a top layer element, the number of elements
causally between them is the number of middle layer elements that are linked to both.
This will be around N/8 for a typical KR order, and so the number of 3, 4 and 5-
element inclusive order intervals will scale much more slowly than N . Thus the second
term dominates, and (because the sign of this term in the action will remain positive
after our analytic continuation procedure9) will suppress typical KR orders by a term
of the form e−N
2/4. Thus, the non-locality of causal sets is a positive feature in this
case, as the action can do more to suppress bad configurations than a strictly local
action could in standard cases.
This does not by itself imply that manifoldlike causal sets will dominate, but
it does dispatch the argument that the faster-than-exponential growth in the non-
mainfoldlike configurations is an insurmountable problem. It is not yet known exactly
how the action scales for a typical sprinkling into flat space; the average over sprin-
klings is known to be 0 (neglecting boundary terms), which is encouraging, but the
size of the fluctuations also has to be taken into account. This could be settled
by simulations of sprinklings. At least, we do have the 2D result to show that, in
some statistical sums, sprinklings can arise naturally. A resolution to the question of
whether they can be selected by a full sum over causal sets awaits the implementation
of Monte-Carlo simulations, which are now being developed.
4 Consequences of spacetime Discreteness
Having discussed some more ambitious uses for causal sets, we can now return to our
original theme: developing simple models based on physically appealing hypotheses,
edges in a typical random graph, which would be non-manifoldlike, scales faster than N . This leaves
the option of cutting some bad configurations out of the history space.
8This argument treats the elements as if they are distinguishable, or labelled, which we do
not want if we are respecting the discrete analog of general covariance; we really want to talk
of “unlabelled causal sets” which are isomorphism classes of labelled causal sets. However, it is
not unnatural to weight each unlabelled causal set C by a “measure factor” of 1/|Aut(C)| where
|Aut(C)| is the number of automorphisms of C, and in this case the problem dissapears. Also, it
can be shown that in almost all KR orders each element is indeed distinguished from all others by
the pattern of relations, i.e. they have no non-trivial automorphisms.
9More details of this process will be given a future publication with David Rideout, Rafael Sorkin
and Sumati Surya.
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and then testing them against observation and experiment. We might first consider
generalising standard models, simply by replacing Minkowski space with a corre-
sponding causal set. This helps to test if causal set discreteness is consistent with
present observations, and also to look for new effects. Using the causal set hypoth-
esis in this way fulfils some goals brought up in the introductory discussion. As in
Rayleigh’s case, this approach does not depend on the form of the dynamics for causal
sets; it is essentially a non-quantum modification, which, like the atomic hypothesis
for matter, might reveal some interesting consequences for discreteness before the
quantum dynamics is known. Also like the 100-year-old case, these kinds of models
posit discreteness at the outset, as a hypothesis to be tested, rather than waiting for
it to be derived from some fully satisfying theory. It is an input from physical con-
siderations, rather than an output from mathematical considerations. The physical
considerations in this case are the arguments pointing to discreteness, coupled with
the requirement of Lorentz symmetry. Models based on causal sets therefore contrast
with most work on the phenomenology of quantum gravity, which concentrates on
the possibility of Lorentz violation. This alone would give good motivation to study
such models.
Finally, we assume something more than the most generic possible hypothesis,
that is, that quantum gravity will lead to some type of fuzziness, uncertainty or
discreteness in spacetime, which will show up at or around the Planck scale. On the
one hand, the more generic the hypothesis, the more significant the result might be
for various approaches to quantum gravity. On the other hand some specificity is
usually necessary to actually construct a model, as Rayleigh’s case illustrates. In any
case, such specific models can lead to generic conclusions in one way: by providing
counter-examples to generic claims. And of course any positive observations would
be just as significant as for more generic models, if not more so.
One remarkable case from causal set theory is the successful prediction – the only
such prediction to date from quantum gravity research – of the order of magnitude of
the cosmological constant using a heuristic argument based on the general features
of a causal set quantum dynamics [10, 62, 63]. This was a genuine prediction, in the
sense that it was made at a time when observations were consistent with Λ = 0. This
reasoning gives rise to a scenario is which the cosmological “constant” is subject to
fluctuations, something that could give rise to further predictions.
Another idea that has been investigated is a spacetime analog of Brownian motion.
Arguments have been put forward that suggest that particles moving on a causal set
background may not follow geodesics, but instead might deviate from them slightly
as a result of spacetime discreteness [34]. The resulting model allows a type of
Lorentz invariant diffusion of the energy-momentum of particles10. The magnitude
10This point has given rise to some confusion in the literature. The fact that the model does not
respect momentum or energy conservation does not imply a breaking of Poincare´ symmetry. This is
because the usual assumptions of the Noether theorem are not respected in this case – the underlying
dynamics is not based on a local Lagrangian, and the resulting process is diffusive. Adding some
kind of energy bath to the model could conceivably bring it back into the Lagrangian framework,
but in this case, the lack of energy conservation in the subsystem outside the bath is no suprise
either.
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of the corresponding “diffusion constant” has not been derived from fundamental
considerations; indeed the model is only heuristic and contains assumptions that
might not be true in a more detailed dynamics. However, the model is useful in that
it can be tested. Bounds can be set on the diffusion constant by various laboratory
experiments and astronomical observations [34, 64]. Similar models introduce Lorentz
invariant diffusion into the motion of massless particles, and consider the case of
polarisation, comparing results to observations of the CMBR [65, 66].
Another line of work concentrates on putting field theory onto a background causal
set. The idea is to have a field theory, described intrinsically in terms of the causal
set, that approximates to the standard case when the causal set corresponds to a
continuum spacetime. As mentioned above, the discretisation of the d’Alembertian
operator has been achieved, allowing a classical scalar field dynamics to be defined
[43, 30]. Also, significant steps towards a quantum field theory on a causal set back-
ground have been taken. Most important amongst these are the definition of Green’s
functions for massive scalar fields [67], including a definition of the Feynman propa-
gator on the causal set [68]. Work to fully define such a field theory is in progress.
This would not only give an opportunity to search for new effects, but also provide a
new, Lorentz invariant way of imposing a cut-off on quantum field theory.
There is another way to treat fields moving on a causal set background, that is
simple enough to describe briefly here11. This will shed some light on the issue of the
coherence of light from distant sources.
4.1 A discrete model of wave propagation
It has been claimed on fairly general grounds that any “fuzziness” in spacetime due to
quantum gravity effects will lead to a loss of coherence of light from distant sources. If
we replace Minkowski space with a causal set derived from sprinkling that spacetime,
we do introduce uncertainties in spacetime properties, albeit only on the kinematical
level; lengths between points, for example, can only be reconstructed to some finite
accuracy. Would a model of propagation of light on this spacetime therefore fall
victim to this problem? Using certain assumptions, some authors have derived effects
that have already been ruled out by observation [69]; others argue against these
assumptions [70, 71, 72, 73], but also find in their models that some types of spacetime
uncertainty are ruled out. Looking closely at the assumptions made in either case,
we can see that the uncertainty is of a Lorentz violating form: uncertainties are
considered separately for the wavelength and frequencies of light. Therefore we can
already see that these arguments would not apply to a causal set model. But the
question of whether causal set discreteness is consistent with the coherence of light
from distant sources is not yet answered by these considerations. This can be tested
in a specific model which is briefly described here (more details can be found in [74]).
For these purposes, the essential features of the situation can be modeled with a
massless scalar field propagating from a source to a detector. The source represents
some distant astronomical source. In this case, the relevant dynamics of the scalar
11This method seems not to give rise to momentum diffusion effects.
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field are summarised in the retarded Green’s functions, which in (3+1)D flat space
is a delta function on the forward light-cone:
G(y, x) =
{
1
2pi
δ(|y − x|2) if y is in the causal future of x
0 otherwise
(6)
=
1
4pir
δ(y0 − x0 − r), (7)
where r is the spatial distance from x to y. In terms of G, the field produced by our
source is given by
φ(y) =
∫
P
G(y, x(s)) q ds , (8)
where P is the worldline of the source, q is its charge, and s is proper time along P .
We can model the detector signal F as the integrated field in some small and distant
detector region D, giving
F = q
∫
P
ds
∫
D
d4y G(y, x(s)). (9)
From the form of the Green’s function, we can see that the signal is basically just
a measure of the pairs of null-related points, one of which is in the source, and the
other of which is to the future of it in the detector (it is the volume of such pairs the
relevant space, M4×M4). With certain approximations, the result for a point charge
is
F ≈ (1 + v) q
4piR
V , (10)
where V is the spacetime volume of the detector, R is the spatial separation of source
and detector, and v is the relative velocity of the source to the detector. Combining a
moving negative and stationary positive source, to cancel the constant term in (10),
gives a result that has the same form as the electromagnetic case. We can make
v = asin(ωt) for some angular frequency ω and amplitude a (for simplicity we take
the duration of detection to be smaller that the period of oscillation here, making
the detector more than realistically accurate for most applications). The phase of the
source is reflected in the detector output, and so observations in keeping with this
model demonstrate the coherence of light from distant sources.
Now we want to discretise this model. We replace the 4D Minkowski space by
a causal set, to which Minkowski space is only an approximation. According to our
rule introduced above, this is a causal set generated from a typical sprinkling into
Minkowski space. As per usual for discretisations of fields, the field φ is becomes a
real number on each causal set element. The main difficulty is how to discretise the
Green’s functions. We need a function that, in the limit, gives non-zero values only
on the forward light-cone. To this end, consider the causet function
L(x, y) =
{
κ whenever x ≺ y and {x, y} is a link,
0 otherwise,
(11)
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where x, y ∈ C are causet elements and κ is a normalising constant of order 1, that
we set to make the correspondence to the continuum model correct. We have already
seen that links to any element lie very close to the light-cone and extend all the
way along it. In the limit of infinitely dense sprinkling, scaling κ appropriately, this
function does indeed become a δ-function on the forward light-cone of x. The simple
causal character of the Green’s functions has thus made it very natural and easy to
discretise them on the causal set.
With these definitions in place, we can proceed to repeat the continuum calcu-
lation. In that case, the signal output was proportional to a volume measure of all
pairs of points, one in the source and the other in the detector, that were future-null
related. In the causal set case, this simply becomes the number of future directed
links between the source and the detector. With suitable definitions of the source
and detector region, the calculation can be performed. For a typical sprinkling into
Minkowski space, the result turns out to the the same as the continuum one, with a
small discrepancy overwhelmingly due to the random fluctuations inherent to sprin-
kling. One coherent source, which has been mentioned in the context of loss of
coherence due to quantum gravity effects, is Active Galactic Nucleus PKS 1413+135,
which is at a distance of order one Gigaparsec. With this distance, the discrepancy
between the continuum and causal set models turns out to be about one part in
1012, even for unrealisticly stringent paremeters, and some modelling assumptions
that tend to increase fluctuations. The coherence of light from distant sources is thus
preserved in this model.
The conclusion here is that causal set discreteness does not cause problems for
the coherence of light from distant sources. This implies that the generic idea of
introducing Planck-scale “uncertainties” or “fluctuations” of some otherwise unspec-
ified type does not inevitably lead to loss of coherence. The result also justifies the
initial expectation based on considerations of Lorentz invariance. This is good in one
way, but dissappointing in another; the ideal situation is to make a prediction of a
small discrepancy from standard theory that can then be searched for, rather than
one many orders of magnitude below what can be detected. That is another reason
for pursuing the models of energy and momentum diffusion mentioned above, and for
more detailed consideration of the “fluctuating cosmological constant” scenario.
5 Conclusion: back to the rough ground
This review started with a look at how a simple physical hypothesis about discreteness
can, with some thought, be developed into a model that gives considerable insight.
In the 19th century, the idea of atomic matter developed from a natural specula-
tion to a more compelling proposition, based on hints from the best theories of the
day. Arguments were put forward that combined understanding from these theories
(like electromagnetism) with simple hypotheses (such as that atoms were hard or or
perfectly reflecting spheres) to develop testable models. Early on, some researchers
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criticised the introduction of such simplistic hypotheses12, which seemed to them to
be unjustified. Instead, they urged that the atomicity of matter should follow from
some more elegant generalisation of the current theories. The most notable case is
Kelvin’s “vortex atom” theory [75], in which atoms were vortices in a hypothesised
perfect liquid – a subject that was well-studied at the time, and undergoing many
interesting mathematical advances. However, the more basic hypotheses, leading as
they did to clear physical consequences (as in Rayleigh’s case), turned out to have a
much greater influence on the formation of the new theory.
It must be said that this is only one way of reading the history, and it does
not prove that the same will be true in the case of spacetime discreteness. But, at
least, it motivates the application of the same approach in this case. Because of
the difficulty of obtaining relevant data, efforts to formulate a discrete model with
clear phenomenological relevance are likely to be more challenging than they were
previously. Despite this, there are several approaches to probing quantum gravity
and spacetime discreteness with the aid of heuristic arguments, and beyond this, to
setting up a theory of quantum gravity based on the hypothesis of discrete spacetime.
In this spirit, spacetime discreteness has been investigated above. The fact that
geometry can be almost totally described in terms of the causal relation motivates
the idea that it could be the causal structure that is most fundamental, and survives
discretisation (rather than, for example, distance relations). Coupling the discreteness
hypothesis with another physically motivated requirement, that the symmetries of GR
be preserved in the continuum approximation, gives a related way to arrive at the
causal set hypothesis.
There are several open avenues of research in causal set theory. There are always
more “kinematical” questions to be answered, relating to the discrete/continuum
correspondence: can we, for example, approximately deduce the metric of a spatial
hypersurface in an approximating manifold, by considering only information intrinsic
to the corresponding causal set? And how large are the fluctuations in the new
estimator for the scalar curvature, in flat space for example? After the recent success
in defining the Feynman propagator for scalar fields living on a causal set, the problem
of fully defining a scalar quantum field theory is of great interest and is currently
under study. Defining a dynamics for vector and spinor fields would also be useful
for phenomenological models. As for the dynamics of causal sets themselves, the
calculation of some “discretised path integrals” is also now within reach, as reviewed
above, promting the development of Monte Carlo simulations. This means that, for
the first time, a quantum dynamics for causal sets could be studied, and, if simulations
are practical, some physically interesting results could be derived from it. Also on
the question of dynamics, work on the idea of sequential growth is continuing, with
some studies of a possible quantum generalisation of the CSG models.
For phenomenology, further study of the heuristic derivation of the value of the
cosmological constant is also an interesting area for more research. Along with this,
there is the idea of looking at the consequences of the causal set action, which, due
12Kelvin scorns the “assumption of infinitely strong and infinitely rigid pieces of matter” as
“monstrous” in a paper on the vortex theory of matter [75].
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to causal set non-locality, would lead to some small corrections to the standard ex-
pression in the continuum approximation [30]. There are still many avenues to be
explored concerning fields moving on a causal set background: for instance, to see
if any new effects follow from the new discretisation of the d’Alembertian operator.
Similar work could also proceed in the quantum case, once the relevant theory is
established. With these techniques there is some hope of making contact with data
from astronomical observations, particularly with cosmology, the area that currently
seems most promising as a provider of relevant data for quantum gravity research.
These lines of research hopefully bring us closer to the goal of “seeing” the discrete-
ness of spacetime in our best current observations, as Rayleigh managed to see the
discreteness of matter with the naked eye.
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retical Physics is supported in part by the Government of Canada through NSERC
and by the Province of Ontario through MRI.
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